Using the methods of the \form factor program" exact expressions of all matrix elements are obtained for several operators of the quantum sine-Gordon model alias the massive Thirring model. A general formula is presented which provides form factors in terms of an integral representation. In particular charge-less operators as for example the current of the topological charge, the energy momentum tensor and all higher currents are considered. In the breather sector it is found the quantum sine-Gordon eld equation holds with an exact relation between the \bare" mass and the normalized mass. Also a relation for the trace of the energy momentum is obtained. All results are compared with Feynman graph expansion and full agreement is found.
Introduction
This work continues a previous investigation 1] on exact form factors for the sine-Gordon alias the massive Thirring model. Coleman 2] had shown that these two models are equivalent on the quantum level. The corresponding classical models are de ned by their Lagrangian's L SG = We do not use these classical Lagrangians and any quantization procedure to construct the quantum models. We have contact with the classical models only, when at the end we compare our exact results with Feynman graph expansions which are based on the Lagrangians. The`form factor program' is part of the`Bootstrap program for integrable quantum eld theories in 1+1-dimensions'. This program classi es integrable quantum eld theoretic models and in addition it provides their explicit exact solutions in term of all Wightman functions. These results are obtained in three steps:
1. The S-matrix is calculated by means of general properties such as unitarity and crossing, the Yang-Baxter equations (which are a consequence of integrability) and the additional assumption of`maximal analyticity'. This means that the two-particle S-matrix is an analytic function in the physical plane (of the Mandelstam variable (p 1 + p 2 ) 2 ) and possesses only those poles there which are of physical origin. 1 n! Z Z dp 1 : : :dp n (2 ) n 2! 1 : : : 2! n h 0 jO(0)j p 1 ; : : : ; p n i in 2 e ?ix P p i :
The on-shell program i.e. the exact determination of the scattering matrix was formulated in 3]. O -shell considerations were carried out in 4] and in 5], where the concept of a generalized form factor was introduced and consistency equations were formulated which are expected to be satis ed by these objects. Thereafter this approach was developed further and studied in the context of several explicit models (see e.g. 6] 1 ). More recent papers on solitonic matrix elements in the sine-Gordon model are 7, 8] . There is a nice application 9, 10] of form factors in condensed matter physics. The one dimensional Mott insulators can be described in terms of the quantum sine-Gordon model.
In the previous paper 1] an integral representation for general matrix elements of the fundamental fermi-eld of the massive Thirring model has been proposed. In 11, 12, 13] we generalize this formula and investigate in particular charge-less local operators. The strategy is as follows:
For a state of n particles of kind i with momenta p i = m sinh i and a local operator O(x) the generalized form factor is de ned by h 0 j O(x) j 1 (p 1 ); : : :; n (p n ) i in = e ?ix(p 1 + +pn) O ( ) 
In section 4 we propose in addition the p-functions for N 5 (x), the current j (x), the energy momentum tensor T (x) and the in nitely many higher conserved currents J L (x). The identi cation with the operators is made by comparing the exact results with Feynman graph expansions. Properties as charge, behavior under Lorentz transformations etc. will also become obvious.
Recall of formulae
In this section we recall some formulae which we shall need in the following sections to present our results. All this material can be found in 1] including the original references.
The S-matrix
The sine-Gordon model alias massive Thirring model describes the interaction of several types of particles: solitons, anti-solitons alias fermions and anti-fermions and a nite number of charge-less breathers, which may be considered as bound states of solitons and anti-solitons. Integrability of the model implies that the n-particle S-matrix factorizes into two particle S-matrices. In particular scattering conserves the number of particles and even their momenta. The two particle soliton-soliton amplitude a( ), the soliton anti-solitons forward and backward amplitudes b( ) and c( ) are given 2 = + 2g where the second equality is due to Coleman 2] .
We list some general properties of the two-particle S-matrix. As usual in this context we use in the notation The physical S-matrix in the formulas above is given for positive values of the rapidity parameter . For later convenience we will also consider an auxiliary matrix _ S( 1 ; 2 ) regarded as a function depending on the individual rapidities of both particles 1 ; 2 or some times also on the di erence 1 Similar crossing relations will be used below to investigate the properties of form factors. Finally we denote a property of the two-particle S-matrix _ S (0) = ?
which turns out to be true for all examples. This means that _ S for zero momentum di erence is equal to minus the permutation operator.
Form factors
For a state of n particles of kind i with momenta p i and a local operator O(x) we de ne the form factor functions O 1 ;:::; n ( 1 ; : : :; n ) by eq. (1) where the bound state intertwiner ? (12) 12 and the relations of the rapidities 1 ; 2 ; (12) We will now provide a constructive and systematic way of how to solve the properties (i) ? (v) for the co-vector valued function f once the scattering matrix is given. These solutions are candidates of form factors. To capture the vectorial structure of the form factors we will employ the techniques of the algebraic Bethe Ansatz which we now explain brie y.
The`o -shell' Bethe Ansatz co-vectors
As usual in the context of algebraic Bethe Ansatz we de ne the monodromy matrix as by the amplitudes of the scattering matrix (2) . In the following we use the co-vector 1:::n ( ; z) in its`o -shell' version which means that we do not x the parameters z by means of Bethe Ansatz equations but we integrate over the z's.
The general form factor formula
In this section we present our main result. We derive a general formula in terms of an integral representation which allows to construct form factors i.e. matrix elements of local elds as given by eq. 
be given by 
Remarks:
The number of C-operators m depends on the charge q = n ? 2m of the operator O, e.g. m = (n ? 1)=2 for the soliton eld (x) with charge q = 1 and m = n=2 for charge-less operators like or the energy momentum tensor T . Note that other sine-Gordon form factors can be calculated from the general formula (6) using the bound state formula (iv). The general representation of form factors by formula (6) is not speci c to the sineGordon model. It may be applied to all integrable quantum eld theoretic model. The main di culty is to solve the corresponding Bethe Ansatz. Iterating the procedure above we obtain the r-breather-s-soliton form factor with 2r+s = n; the breather rapidities = ( 1 ; : : :; r ) and the soliton rapidities = ( . 3 In the framework of constructive quantum eld theory quantum eld equations where considered in 16, 17] . 4 Before such a formula was found in 25, 26] . 5 It should be obtained from (1) by the replacement ! ig. However the relation between the bare and the renormalized mass in 29] di ers from the analytic continuation of (14) by a factor which is 1 + O(
Also we calculate all matrix elements of all higher local currents J M (t; x) (M = 1; 3; : : : ) ful lling @ J M (t; x) = 0 which is characteristic for integrable models. The higher charges ful ll the eigenvalue equation 
In particular for M = 1 the currents yield the energy momentum tensor T = T with @ T = 0. We nd that its trace ful lls 
Here we will not provide more details but only give some examples of operators and their corresponding p-functions:
1. The correspondence of exponentials of the eld and their p-function 6 is
e (2l i ?1)i = (19) for an arbitrary constant . 2. Taking derivatives of this formula with respect to we get for the eld and its powers In order to prove equations as for example (13) and (16) we consider the corresponding p-functions and their K-functions de ned by (17) . The K-functions are rational functions of the x i = e i . We analyze the poles and the asymptotic behavior and nd identities by using induction and Liouville's theorem. Transforming these identities to the corresponding form factors one nds the eld equation (13) and the trace equation (16) up to normalizations.
Normalization constants are obtained in the various cases by the following observations:
a) The normalization a eld annihilating a one-particle state is given by the vacuum one-particle matrix element, in particular for the fundamental bose eld one has 
The normalization constants (21) and (22) now yield the eld equation (13) with the mass relation (14) . The statement (16) is proved similarly. The eigen value equation (15) All the results may be checked in perturbation theory by Feynman graph expansions. In particular in lowest order the relation between the bare and the renormalized mass (14) is given by Figure 1 This again agrees with the exact formula above since the normalization given by eq. (15) implies h p j T j p i = 2m 2 . All other equations have also been checked in perturbation theory 13].
